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Consider the transverse vibrations of a thin beam. The main difference between beam 

vibrations and transverse string vibrations is that the beam resists bending. Vibrations of a 

beam clamped at one end are described by the following equation [3] 
2 0,tt xxxxu a u 

                                                   (1) 

(Here
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 

beam material 

density, S  beam cross-sectional area). 

Consider the following mixed problem: 
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We will solve this problem by the method of separation of variables [1] under the 

assumption that time-periodic t beam vibrations. Assuming
     ,u x t X x T t 

and 

substituting the proposed form of the solution into equation (2), we obtain [2] 

       2 0.IVX x T t a X x T t   
 

from this we get following 
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It's clear that 0  (for the existence of periodic t decisions). For function
 X x

we 

obtain the problem of natural oscillations 

    0IVX x X x 
                                                    (5) 

under boundary conditions 
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                            (6)  

The general solution of equation (5) is represented as 
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From conditions
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we find that
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this implies 
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Boundary conditions (6) at the right end of the beam give 
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Homogeneous system (with respect to unknown AAnd
B

(7) has nontrivial solutions  if 

its determinant is equal to zero: 
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From equation (8) we obtain an algebraic equation for calculating the eigenvalues tasks 

           2 2 2 2 2 24 4 4 4 4 4sin 2 cos cos .sh l l ch l ch l l l        
      (9) 

Denoting
4 l  and using the equality

2 21 ,sh x ch x  from equation (9) we find 

cos 1ch                                            (10)  

This equation can be solved graphically (Fig. 1). The roots of equation (10) are 
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Further, for the function
 T t

we have the equation 
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Its general solution is written as 
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Where nA And nB arbitrary constants. 

Consequently, the "atoms" of the solution to problem (2), (3) are formed by the 

following functions 
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According to the general theory of the Sturm-Liouville problem functions
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where coefficients nA And nB are determined from the initial conditions by the 

formulas 
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