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Annotatsiya: Ushbu maqolada yadrolari ajralgan ko‘rinishga ega bo‘lgan uch o‘zgaruvchili

funksiyalar uchun chizigli xususiy integral tenglamani yechish masalasi o‘rganilgan. C[a,b]® fazoda
garalayotgan tenglama uchun yagona uzluksiz yechimning mavjudligi va yagonaligi isbotlangan.
Yadrolar ajralgan holda berilganda, masala bir o‘zgaruvchili Fredgolm integral tenglamasiga
keltirilishi ko‘rsatilgan va yechim aniq formulalar orqali ifodalangan. Bundan tashqari, bir jinsli
tenglamaning nolmas yechimga ega bo‘lish sharti aniqlangan.

Kalit so‘zlar: xususiy integral tenglama, ajralgan yadro, Fredgolm integral tenglamasi, uch
o‘zgaruvchili funksiya, yagona yechim, bir jinsli tenglama, C[a,b]? fazosi.

PEINTEHUE YACTHBIX HHTET'PAJIBHBIX VPABHEHUM JJIA
®VHKIOHNHU TPEX IIEPEMEHHBIX C BBIPOKAEHHBIMH AZIPAMUN

AHHOTAnMsA: B JaHHOM CTaThbe HCCAELyeTCd 3ajadva pelleHus JIMHENHOIO
YaCTHO-UHTEIPAaJIbHOTO ypaBHeHUs A OQYHKOUM TpEX IepeMeHHBIX C
BBIPOXKJIeHHBIMHU sipaMH. B mpocTpaHcTBe Cla,b]® moKa3aHBI CyllleCTBOBaHHE U
eIUHCTBEHHOCTL HEIIPEPBIBHOIO peIleHHsd paccMaTpHBAeMOIO0 YpaBHEHHUS.
ITokasaHO, UTO IIPH BBEIPOXKAEHHBIX fAApax 3ajada CBOAUTCA K HHTErpaJbHOMY
ypaBHeHUI0 dpearosbMa OLHOM IIepeMeHHOMH, a pelleHre BhIpakaeTcd B IBHOM
BUJle Uepe3 TOYHBIe QOpPMyJbL. Tak)Ke YyCTaHOBJIEHO YCJIOBHE CYIleCTBOBAaHUSA
HEeHYJIEBOTO pellleHUsI OJHOPOSHOTO YpaBHEeHHUI.

KiaroueBple cja0Ba: 4YaCTHO-UHTerpaJibHOe ypaBHEHHe, BBIPOXKIEHHOe SO,
UHTerpajibHOe ypaBHeHMe ®pexrosnbma, QYHKIUA TpPEX  IIepeMeHHBIX,
eIMHCTBEHHOCTD pellleHHs], OTHOPOIHOE ypaBHeHHUe, IIPOCTPAHCTBO C[a,b]®.

SOLVING PARTIAL INTEGRAL EQUATIONS FOR FUNCTIONS OF THREE
VARIABLES WITH DEGENERATE KERNELS

Abstract: This paper investigates the problem of solving a linear partial integral equation for
functions of three variables with degenerate (separated) kernels. The existence and uniqueness of a
continuous solution in the space C[a,b]? are proved. It is shown that when the kernels are given in
separated form, the problem reduces to a single-variable Fredholm integral equation of the second
kind, and the solution is expressed explicitly through exact formulas. Additionally, the condition for
the homogeneous equation to possess a nontrivial solution is established.

Keywords: partial integral equation, degenerate kernel, Fredholm integral equation, function
of three variables, uniqueness of solution, homogeneous equation, C[a,b]? space.

Ushbu magqgolada biz uch o‘zgaruvchili funksiyalar uchun chizigli xususiy integral

tenglamani yechish masalasini keltiramiz:
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b

b
(p(x,y,z)+f K(x,t)(p(t,y,z)dt+f N(y,t)o(x,t,z)dt+i

a

+[M(z,t)0(x,y,t)dt=f(x,y,2z) (D)

Mos bir jinsli xususiy integral tenglama quyidagi ko‘rinishdadir:

(p(x,y,z)+fK(x,t)(p(t,y,z)dt+fN(y,t)go(x,t,z)dtﬂl

b
+fM(z,t)(p(x,y,t)dt=0 (2)

Bu yerda K(x,t), N(y,t), M(zt) va f(xyy,z) - mos ravishda [a,b]?> va [a,b]® sohalarida
aniglangan uzluksiz funksiyalar; ¢ - izlanayotgan nomalum funksiya.

Ushbu magolada (1) tenglamaning yechimini C[a,b]® fazoda garaymiz va quyidagi teoremani
isbotlaymiz.

1-Teorema. Faraz qilaylik, K(xt) = lpl(x)(ﬁl(t) N(y,t) = l[lz(y)l/ﬁz(t),

M(z,t)=y,(z)¢,(t)ud,= 1+f1/1 (t)dt#0,i=1,2,3;

A,=dg+d, — 1¢O,a¢,8¢y,a—1,2,3;
a) agar A =dq +dz + d3 - 2 = 0, sharti bajarilsa, u holda (1) chiziqli integral tenglama quyidagi
formula bilan ifodalanuvchi yagona uzluksiz yechimga ega bo‘ladi:

(p(xyz xyzf t

J

a

d,+d,
dleAB

d,+d d,+d
K(X’tl)N(y:tZ)f( 1’t2’ )+d1d A32K(X t )M(Z:tz)f(tl’y’t2>+d22d3A31N(y’tl)M(Z:tz

}}} (x,t,)N(y,t,)x

=+

Q C—

d,d,d, ) AA A A,
xM(z,t;)f(t,,t,,t;)dt,dt,d ¢, 3)
Bu yerda
C=—(1+A4)i
X (A, A+A A+ A, A)—(d,d,Ay+d,d A, +d,d A +d,d,d,) %

[d1d2d3A_(d1_1)(dz_l)(d3_1>(1+A)];
b) agar A =d; + d2 + d3 - 2 = 0, bo‘lsa, u holda (2) bir jinsli integral tenglama nolga teng
bo‘lmagan (trivial bo‘'lmagan) yechimga ega bo‘ladi.
Teoremani isbotlashda, K(x,t) = y1(X)gr1(t), N(y,t) = y2(y)@a(t), M(z,t) = y3(z)
¥3(t), bo'lsin deb faraz gilinadi(ya’'ni yadrolar ayrilgan ko‘rinishga ega). U holda (2.1) tenglama
quyidagi ko‘rinishni oladi:

o(x,y, 2+ (x) [ §,()o(t,y,2)dt+y,(y) [ da(t)o(x,t,2)de+

b

+us(2) [ Uy(Oe(x,y,t)dt=f(x,y,z). (&)

a
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b
Deb hisoblab f U,(t)o(x,t,z)dt vaf U,(t)o(x,y,t)dt (4) tenglamadagi ma’lum
ifodalarni hisobga olgan holda, xususiy integral tenglamani hosil gilamiz.

o(x,y,z)+y,( fwl (t,y,z)dt=f,(x,y,z). (5)

Bu yerda
b

fi(x,y,2)=f(x,y.2)=w,(y) [ wi(t)e(x,t,2)di—i

a

—y,(z fw3 o(x,y,t)dt.  (6)

yvazo zgaruvchllanm tayinlangan (fiksirlangan) deb hisoblab, (5) tenglamani quyidagi
ko‘rinishga keltirish mumkin

9,.(x f 0o, (t)dt=f, ,(x) (@

(7) tenglama 1kk1nch1 turdagi Fredgolm chiziqli integral tenglamasidir. Ushbu tenglamaning
yadrosi ajralgan bo‘lib, uning rangi birga teng. Ma’'lumki, bunday ko‘rinishdagi tenglamalar oson

yechiladi.
1-lemma. Agar K (x, t)—w( J0,(6), N(y,t)=¢,(y)@,(t),
M(z,t)=y,(z)@,(¢), d;= fw (£)dt#0,i=12,3, A,=d+d, —1#0,

a=B=y, a=1,2,3 bo'lsa, u holda (2.2) b1r ]iIlSli tenglama va
)_(1_d1_d2_d3)W1( ) j‘j‘j‘
B A A A,

x@(t,,t,,t;|dt,dt,dt, (8)

o‘zaro ekvivalentdir.

Lemmaning isboti teorema birinchi gismining isbotlash jarayonini (2) tenglamaga nisbatan
takrorlashdan kelib chigadi. Hagiqatan ham, f(x,y,z)=0 bo‘lganda ushbu jarayonni takrorlab, uch
o‘zgaruvchili funksiyali, ayniy yadroli (8) bir jinsli Fredgolm integral tenglamasiga kelamiz.

b) Endi teoremaning ikkinchi qismini isbotlashda  Fredgolm teoremasiga ko'ra,
d,+d,+d;—2=0 sharti bajarilganda (8) tenglama nolmas (noldan farqli) yechimga ega deb faraz

(P(X:}’sz lﬂs(ts)

a a a

qilib,

1-d,—d,—d, 5 % 5 . . .
C:( — B)J‘J‘J‘lpl(t1)’l’2<tz)’;”3(t3)(p(t1’t2’t3)dt1dt2dt3

olx,y,z)=Cuy,(x)y,(y)w,(z ) ga ega bolamiz. @(xyz) ning ushbu ifodasini (2)
tenglamaga qo'yib, quyidagini hosil qilamiz:

b

Cy, (x)y,(y)ws(2)+Cy(x) [ w,(6)8, (6w, y)ws(z)de+i

a
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+C¢’2(Y),[ lﬁz(tz)lflz(tZ)llll(X)l/J3(Z)dt+Cl/J3(Z)f Ws(ty) s (), (X)), (y)de=0

Bundan

Clﬂl(x)l/fz()’)llﬁ(z)+C¢’1(X)¢’z(Y)W3(Z)(d1_1)+c¢’1(x)l/"2(Y)W3(Z)(d2_1)+é’
+CW1(X)1//2(Y)W3(Z)(d3_1):CW1(X)¢’2(Y)l:u3(z)(1+d1_1+d2_1+d3_1):0
yoki
Cl/"l(x)‘/fz(yw%(Z)(d1+dz+d3_2):0-
Demalk, teorema shartiga ko‘'ra ( d,+d,+d,—2 ) =0 bo‘lganligi sababli,
o(x,y,z)=Cuy,(x)y,(y)w,(z) funksiya (2.2) bir jinsli tenglamaning nolmas yechimidir. Ya'ni, 1-
lemmaning asosida ¢(x,y,z|=Cy,(x)y,(y)y,(z)funksiya (8) tenglamaning uzluksiz yechimi

hisoblanadi. Yuqoridagilardan kelib chiqqan holda teoremani to‘liq isbotlashga erishiladi.
Yugqoridagi teoremadan f = 0 holati uchun quyidagi natija bevosita kelib chiqadi.

Natija. AgarK(x’t):llfl(X)l/Afl(t)r N(y’t):w2(Y){/}2(t),

b
M(z,t)=y,(z)d,(t) bolib, d=1+ w,(t)@,(t)de=0,i=123; A,=d,+d,—170,
a=B=y, a=12,3 va A=d,+d,+d;—2#0, shartlar bajarilsa, u holda

b b
(p(x,y,z]+f K(x,t)(p(t,y,z)dHf N(y,t)(p(x,t,z)dtﬂ',

b

+fM(z,t)(p(x,y,t)dt=0 (2)

bir jinsli tenglama fagat trivial yechim ¢|(x, y,z|=0 ga ega bo‘ladi.
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