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Abstract. This paper provides a concise yet rigorous exposition of the negative binomial
distribution, which generalizes the classical binomial model to accommodate overdispersion in
count data. Owing to its derivation as a Poisson-Gamma mixture, the distribution possesses
remarkable flexibility in modeling heterogeneous stochastic phenomena. It naturally arises in
branching processes, risk theory and waiting time analysis.

AHHOTanusga. B JaHHOUM cTaThbe IIpe[CcTaBJIeH KpaTKUU U CTPOTHUM 0030p
OTPHULIATEILHOTO OMHOMHUAJIBHOTO0 pacIIpe/ie/ieHUs, KOTOPOe ABJIIeTCSI 0600I1eHeM
KJIACCUYECKOM OMHOMMAJIBHOU MOJIeJIA U II03BOJIAET YUUTHIBATH HM3OBITOUHYIO
OUCIIEPCUI0 B CUETHBIX TAaHHBIX. bilaromapsd CBOeM HMHTepIIpeTaliiy Kak CMecHu
pactipeniesnienuit IlyaccoHa u TI'aMMa, 3TO pachpejeseHHe o6JiaflaeT BBICOKOH
TMOKOCTHI0 TIIPU MOJEJUPOBAHUU PA3JIUYHBIX CTOXaCTUYECKUX sBJeHUU. OHO
eCTeCTBEHHBIM 00pasoM BO3HUKaeT B 3ajlayaX TEOPUU BETBSAIIMXCS IIPOIECCOB,
TEOPHUU PUCKA U aHAJIM3e BpeMeHU OKUJaHUSsI.

Annotatsiya. Ushbu maqolada manfiy binomial tagsimotning ixcham va izchil ta'rifi
beriladi. Mazkur tagsimot klassik binomial modelni umumlashtirib, hisoblash ma’lumotlaridagi
ortigcha dispersiyani hisobga olish imkonini yaratadi. Poisson-Gamma aralashmasi sifatidagi
talgini tufayli bu tagsimot turli stoxastik hodisalarni modellashtirishda yuqori
moslashuvchanlikka ega. U tarmoqlanuvchi jarayonlar, tavakkalchilik nazariyasi va kutish vaqti
tahlilida tabiiy ravishda yuzaga keladi.

Keywords: negative binomial distribution, stochastic processes, Poisson and Gamma
distributions, parameter estimation.

KiroueBple cCJj0Ba: OTpUIlaTeJIbHOe OWHOMHAJBLHOE paclpefiesieHuUe,
CTOXaCTUUYeCKHe TmpoIlecchl, IlyaccoHa u TamMma pachpefieieHHH, OIleHKa
ITapaMeTpOB.

Kalit so‘zlar: Manfiy binomial tagsimot, stoxastik jarayonlar, Puasson va Gamma
tagsimotlari, parametrli baholash.

Introduction. The negative binomial distribution is a fundamental discrete probability
distribution widely used to model count data exhibiting overdispersion, where the variance exceeds
the mean. It generalizes the binomial distribution by allowing a random number of trials before a
fixed number of successes occur, making it applicable in various stochastic modeling scenarios; see
[1]. One of the key areas where the negative binomial distribution plays a crucial role is in the
modeling of branching processes, particularly in the study of population dynamics and genetic
evolution; see [2]. Additionally, its deep connections with the Poisson and Gamma distributions
enable flexible modeling of event occurrences in epidemiology, risk analysis, and queuing systems;
see [3]-[4]. The negative binomial distribution can also be derived as a mixture of Poisson
distributions with Gamma-distributed rates, which provides a natural framework for handling
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overdispersed data in practical applications; see [3]. Beyond theoretical significance, the negative
binomial distribution has extensive applications in real-world problems, including biological
studies, insurance risk assessment, and econometrics; see [2]. Its parameter estimation techniques,
including maximum likelihood and Bayesian methods, have been widely explored to improve
inference accuracy. This paper aims to discuss the fundamental properties, parameter estimation
techniques, and important applications of the negative binomial distribution, emphasizing its
practical significance in stochastic modeling.
Definition 1. The binomial distribution is given by

B(n.k,p) = Cip*q™ ¥, O£ kEn, nIN, "

0L p£ 1 g=1-p Cf=nl(kin- k)

where and N-natural numbers.

The distribution describes the probability of exactly K successesin 1 trials if the probability
of a success in a single trial is P . It was first presented by J.Bernoulli in a work which was
posthumously published in [3].

Definition 2. The negative binomial distribution is given by

B (n,k,p)=Cl\plg"*, 0<k£n nlN, o

where Chi 1= (0= DY (k- Din- K1)

Solution methods. The distribution expresses the probability of having to wait exactly 1
trials until K successes have occurred if the probability of a success in a single trial is P . The above
form of the negative binomial distribution is often referred to as the Pascal distribution after the
french mathematician, physicist and philosopher B.Pascal. The distribution is sometimes expressed
in terms of the number of failures occurring while waiting for k successes, N = n - k in which
case we write

- — o ke i — :

B (N.kp)=Clpg", NIN,={OEN .
where
— + k- 1!

Nk N k- 1)!

Changing variables, for this last form, to X'and K instead of P and K we sometimes use

_ X7 whc* _
. — BN e
B (N.xk) = G s {HRE {Hm

The distribution may also be generalized to real values of k., although this may seem obscure
from the above probability view-point, writing the binomial coefficient as

(N+ k- )N+ k- x.qk+ Dk/n!

Now we will calculate the numerical characteristics of the negative binomial distribution. In
the first form given above the expectation value, variance, 3rd and 4th central moments of the
distribution are
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- 2
E{n] = J;%; var{ﬂ:l = k_gr r@. = M nl _ K’q{p 6p:- A+ Eyfq]

p p and p

The coefficients of skewness and kurtosis (the coefficients of excess) are

-2 P 2. 6p+ 6
g, = - P P
l ‘ﬂa and % kq

In the second formulation above pin ), the only difference is that the expectation value
becomes

E(N)= E(n)- k = k(- p) _ kq
p p

while higher moments remain unchanged as they should since we have only shifted the scale

by a fixed amount. In the last form given, using the parameters X'and K, the expectation value and
the variance are

I
E(N) = X g o) T XT O

Definition 3. The Poisson distribution is given by

N |
pin1)= 1€ nin,
n!

(4)

where the parameter | isareal positive variable.

It is named after the french mathematician S.D.Poisson who was the first to present this
distribution in 1837 (implicitly the distribution was known already in the beginning of the 18th
century). The Poisson distribution is one of the most important distributions in statistics with many
applications. Along with the properties of the distribution we give a few examples here but for a
more thorough description we refer to standard text-books.

Example 2. Find the probability that at least 3 of the 1460 students in the faculty were born
on the same day.

- n=1 | =np=4
Let P~ 17365 3n4 460 p Then we have
2 gk 4
PA)=1- 3 29, 061,
k=0 A= (5)
where P(A) the probability that at least 3 students were born on the same day.

Definition 4. The Gamma distribution is given by
a{m]b- '|E,- o

r

Gb) 6)

where the parameters 0 and D are positive real variables as is the variable X and Qb) isthe

flx,a,b) =

= (k- 1!
gamma function. For all positive integers, Qk) = (k- D! . Note that the parameter @ is simply a
scale factor.

For P£ 1 the distribution is / -shaped and for b> 1 it is unimodal with its maximum at
x=1(b

- W/a In the special case where b is a positive integer this distribution is often referred
88
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to as the Erlangian distribution. For b= 1 we obtain the exponential distribution and with
a=1/2 _,4b=n/2

degrees of freedom.

Results and discussions. Generating functions serve as an important tool in the analysis of
probability distributions. The probability generating function of the negative binomial distribution
is given by

with M an integer we obtain the chi-squared distribution with 7

in the first case (p(n ) ) and

F2) = E(Lg

+(1- Z)xo

in the second case (p( N) ) for the two different parameterizations.

The negative binomial distribution exhibits several profound and practically important
connections with other classical probability distributions, which not only enhance its theoretical
value but also widen its scope of application in various fields such as reliability theory, queueing
systems, risk modeling, and biological processes. In particular, these connections reveal underlying
structural similarities and allow for insightful interpretations in terms of mixture models, limiting
behaviors, and compound distributions. For example, the negative binomial distribution can be
represented as a Poisson-Gamma mixture, which offers a natural explanation for its overdispersion
property relative to the Poisson distribution. Furthermore, under certain parameterizations, the
negative binomial distribution converges to the Poisson distribution, establishing a limiting
relationship that bridges discrete distributions under specific conditions. In the subsequent
subsections, we systematically explore and discuss some of these fundamental connections,
highlighting both their mathematical formulations and their implications for statistical modeling
and inference.

N > k=0
0 andX>0

Theorem 1. Let . Then

imB (N,xk) = P(N,x)

i
Z= foandkf-*: Xx® ¥

flz.k k)
X

Theorem 2. Let . Then

lim B (N, % k) =
nEy

Conclusion. The negative binomial distribution is a crucial tool in probability theory and
statistical modeling, especially for count data with overdispersion. Its connections with the Poisson
and Gamma distributions provide flexibility in various applications, including branching processes,
epidemiology, and risk analysis. The distribution’s parameter estimation techniques enhance its
usability in real-world problems.
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