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Introduction. Stochastic branching systems are famous mathematical models describe a
population size evolution of reproductive individuals. The Galton-Watson model, originally evolved
as a family survival model in the second half of the 19th century, is the simple branching system.
Modern branching systems models have arisen and progress due to modifications of the Galton-
Watson model.

Let Z(n) be a population size at the moment nl NO in the Galton-Watson branching

{p. kT Ny} No={OUN__ N={12K}

Namely, each individual in the system lives a unit length life time and then gives k1 No

(GWB) system with branching rates , where

descendants with probability Pk . This is a reducible, homogeneous-discrete-time Markov chain

with a state space consisting of two classes: 5o ={0rUS , where S1 N, therein the state

{0}

is absorbing, and S is the class of possible essential communicating states.
: > . . .
We assume throughout this paper that Po 0 and consider a Schroder case, i.e.

~
Po + P 0. We also assume that
m:= g kp, < ¥

5

=QJeo
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p 0 ID 1 1 and
We are interested in the sub-critical and supercritical where M <1 ana m>1

respectively. Denoting 9 be an extinction probability of the system starting from one individual, we

fls)=s .5 I 01

recall that it is smallest root of the equation , where

_ 2 k
fls)=a ps
ki s,
is the offspring generating function (GF). The extinction probability is 1 in sub-critical case

and is less than 1 when the system is supercritical. So, the supercritical system survives with
positive probability.
Put into consideration /7 -step transition probabilities

Py(n) = P{Z(n+ k)= j|Z(k) = i} for any ki Ny
a kiSDij(n}sk = U;q{sl] w

A corresponding probability GF here

fls)= a P;(”Hj
J15
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p;(n) = Py;(n)
the system starting from one individual. It tends as 17 ® ¥  monotonously to q, ie.
lim,gy Poln) = q

therein . Needless to say that f n (0) = p':'(n} is a vanishing probability of

Consider a function Rn(s)= q- f n(S) . It is clear that R"{U} ®0 as N ® ¥  Now
H = min{nT N:Z(n) = O}
denoting
single individual,

Q(n)= Ry(Q)=P{n<H<¥}

is a survival probability of the system in the finite time /7. In sub-critical case we see

P{H<¥}=1 Q(n) = P{Z(n) > 0}

be an extinction time of the system starting from

, hence . In this case, A.Kolmogorov proved that if

- ) <
f GFI )< ¥ , then Q(n) admits an asymptotic representation
Q= Km"(1+0(1) a n® ¥ "
where K is the well-known Kolmogorov constant, but it does not have an explicit form. In this
regard, Zolotarev expressed regret at the absence of an explicit expression for this constant. Formula

(1) was later re-established under a weaker condition by A.Nagaev and I.Badalbaev, but and wherein
the Kolmogorov constant remained not explicitly calculated. The Kolmogorov result (1) motivates to

Q) = Ko (1+ o(1)

. . . 1
write an asymptotic representation for the case M~ 1, where

b= f¢q)
and Kq is a positive and it by right can be called the extended Kolmogorov constant.

K
Recently, the explicit form of 9 was calculated under the Kolmogorov conditions.

Rp(s)

Furthermore, formula (1) has been extended to for the the case M " and for all

s1 U0

, where

U0 = {[0.9) U(g N}

is a unit interval with a punctured point q,
First, we recall the following Basic Lemma (but in a slightly different form) and essentially

K
underlies the principal arguments in calculating the constant 9.

Lemmal Let M 1andfq1-}{¥ for M <1 Then

T { A |
PHR,G) " A0

asN ® ¥ where

:sT U0 = of1)
: 2)
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% 2b(1- b)

Our principal result appears in next section. Here we improve the formulation of Lemma 1 by

B /R (s A (s
specifying the explicit approximation rate of the function / () to the function q( ) .
Basic Lemma. Returning now to discussion in the proof of the Lemma 1 we recall that

+1
M ()b’ < S R M, (m)b”
Rn[s} Rn+ ‘I[S) , (3)
where
Mk[n} = qu'l- k{n))
2fqqi ()
and qk{n} =g [k- Q]tp for k= 0'1.Define
B g = D
= k-
Q{ k!f (q} and b
for some K I N 1t's obvious that b‘ ° b. In the following lemma we will establish an

- ] <
explicit expression of M assuming that f q1 )< ¥ for the sub-critical case.

Lemma 2. Let f Cﬂ“- )< ¥ for M < 1. Then the following asymptotic representation
holds:
ol 1 _
n

9= By/(1- b)  1y(s) = o(b")

(4)

sT U,01
where as N ® ¥ yniformly in q[ ! }
Limit Theorems. The statements obtained in this section are the direct consequence from

Lemma 2. Rewrite (4) as follows:

Rgs} = Ay(s) ng BoAq(s)b" (1+ 0(1)}E

ash ® ¥

(3.1)

Theorem 1. Let fo)< ¥ forM <1 Then
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p;(n) _
p4(n)

=1+ 1)

g= By/(1- b] _ Ta(s) = O(b”) sT U0

Theorem 2. Let fﬁﬂﬂ- )< ¥ for M <1, Then
b5 "p,(n) = p; X1+ 1,)
9= By/(1- b)  1,(s)= o(b™)

where as N ® ¥ yniformly in

s Ugl0. 1)

where as N ® ¥ yniformly in
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