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 This article investigates structural properties of Jordan-

Banach algebras, with emphasis on continuous 

derivations, 2-local derivations, and cohomological 

invariants. We establish that every 2-local derivation on 

a semi-simple Jordan-Banach algebra with essential 

socle is a continuous derivation, extending classical 

results of Šemrl and Ayupov to the non-associative 

topological setting. Furthermore, we prove that the 

second continuous cohomology group 
2( , )H A A

 

governs formal rigidity of Jordan-Banach algebras 

under infinitesimal deformations, and demonstrate that 

the vanishing of 
2H  provides an obstruction-free 

criterion for triviality of central extensions. As 

applications, we characterize derivations on Jordan spin 

factors and modular annihilator Jordan-Banach 

algebras. The results bridge algebraic classification 

techniques with functional analytic frameworks, 

offering tools for deformation theory in algebraic 

quantum mechanics. 
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Introduction 

The study of Jordan algebras 

originated in the foundational work of 

Jordan, von Neumann, and Wigner [1] in 

their axiomatization of quantum 

mechanical observables. Unlike 

associative algebras, Jordan algebras 

satisfy the commutative identity 

x y y x = 
 and the Jordan identity 

2 2( ) ( )x y x x y x  =  
, rendering them a 

fundamental non-associative structure in 

modern algebra and mathematical 

physics. 

When equipped with a complete 

norm compatible with the algebraic 

operations, a Jordan algebra becomes a 

Jordan-Banach algebra [5]. The 

investigation of derivations—linear 

maps satisfying the Leibniz rule—and 

central extensions of such algebras has 

attracted sustained attention due to their 

roles in deformation theory and 

representation theory. 

The concept of 2-local derivations 

was introduced by Šemrl [18] for 

algebras of bounded operators on Hilbert 

space: a (not necessarily linear) mapping 
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: A A →  is a 2-local derivation if for 

every 
,x y A

, there exists a derivation 

, :x yD A A→
 such that ,( ) ( )x yx D x =

 

and ,( ) ( )x yy D y =
. This notion has 

been extensively studied for associative 

Banach algebras [1][2][3][4] and, more 

recently, for finite-dimensional Jordan 

algebras [7][8]. However, the infinite-

dimensional Jordan-Banach setting 

remains largely unexplored. 

The main novelty of this paper is 

twofold: 

• First, we establish that every 2-

local derivation on a semi-simple Jordan-

Banach algebra A  with essential socle is 

automatically a continuous global 

derivation (Theorem 4.1). This extends 

the results of Ayupov, Arzikulov, and 

collaborators [7][8] from finite-

dimensional Jordan algebras to the 

infinite-dimensional Banach setting, and 

generalises the associative Banach 

algebra results of [1] to the Jordan 

category. 

• Second, we prove that the 

vanishing of the second continuous 

cohomology group 
2( , )H A A

 is 

equivalent to formal rigidity of the 

Jordan-Banach algebra structure under 

continuous deformations (Theorem 6.2). 

This establishes a cohomological 

criterion for rigidity in the Jordan-

Banach framework, complementing the 

classical results of Gerstenhaber [9] for 

associative algebras. 

These results provide a 

comprehensive structural and 

cohomological framework for Jordan-

Banach algebras, with applications to 

algebraic quantum mechanics and 

deformation theory. 

Preliminaries. Throughout, let  

denote the field of real ( ) or complex     

( ) numbers. A Jordan algebra A  

is a vector space over  endowed with a 

bilinear product : A A A  →  

satisfying, for all 
,x y A

: 

1. 
x y y x = 

 (commutativity), 

2. 
2 2( ) ( )x y x x y x  =  

 (Jordan 

identity). 

A Jordan-Banach algebra is a Jordan 

algebra A  that is simultaneously a 

Banach space with norm 
‖ ‖

 satisfying: 

, .x y x y x y A    ‖ ‖ ‖ ‖ ‖ ‖
 

A derivation on A  is a linear 

mapping :D A A→  satisfying: 

( ) ( ) ( ).D x y D x y x D y =  + 
 

The set of all continuous 

derivations is denoted by 
Der( )A

, 

which forms a closed Lie subalgebra of 

( )A
. A derivation is inner if there 

exists a A  such that 
( )D x a x= 

 for 

all x  (or, in the general case, is a finite 

sum of such operators). The algebra A  is 

semi-simple if its Jacobson radical is zero. 

The socle 
soc( )A

 is the sum of all 

minimal left ideals of A , and is an 

essential ideal when non-zero. 

We recall the following classical 

result of Johnson and Sinclair [11], which 

will be used throughout: every 

derivation on a semi-simple Banach 

algebra is automatically continuous. For 

Jordan-Banach algebras, the analogous 

result is due to [5][6]. 
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Lemma 3.1 (Continuity of Jordan 

Multiplication) 

Let A  be a Jordan-Banach algebra. 

Then the Jordan multiplication mapping 

( , )x y x y
 is jointly continuous. 

Proof. The Jordan product is 

bilinear by definition. For a Banach 

algebra, any bilinear mapping is 

continuous if and only if it is bounded on 

the unit ball. Suppose, for contradiction, 

that the product is not continuous. Then 

there exist sequences 
( )nx

 and 
( )ny

 

with 
1nx ‖ ‖

, 
1ny ‖ ‖

 such that 

n nx y →‖ ‖
. 

Define for each n  the linear 

operator 
:nT A A→

 by 
( )n nT x x y= 

. 

The family 
{ }nT

 is pointwise bounded: 

for each fixed x , 

( )n n nT x x y x y x=    ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖
, 

and hence by the Uniform Boundedness 

Principle there exists 0M   such that 

nT M‖ ‖
 for all n . Therefore 

( )n n n n nx y T x M x M =  ‖ ‖ ‖ ‖ ‖ ‖
, 

contradiction. Thus the product is 

continuous.  

Lemma 3.2 (Cocycle Identity for 

Jordan Derivations) 

Let A  be a Jordan algebra and M  

an A -module. For any linear mapping 

:f A M→
, define the 1-coboundary 

operator 
1 : Hom( , ) Hom( , )A M A A M → 

 
by

1 ( , ) ( ) ( ) ( ),f x y x f y f x y y f x =  −  + 
 

where x m  denotes the module action. 

Then 
1 f  satisfies the 2-cocycle 

condition for Jordan algebras. 

Proof. For any 
, ,x y z A

, the 

Jordan identity requires that 
1( , ) ( , )x y f x y =

 satisfies: 
( , ) ( , ) ( , ) ( , ) ( , ) ( , ).x y z y z x z x y x y z y z x z x y      +  +  =  +  +   

Substituting 
1 f =

 and using the 

module properties together with the 

Jordan identity yields the required 

equality.  

4. 2-Local Derivations on Jordan-

Banach Algebras 

Definition 4.1 

A (not necessarily linear) mapping 

: A A →  is called a 2-local derivation 

if for every 
,x y A

 there exists a 

derivation , Der( )x yD A
 such that: 

, ,( ) ( ), ( ) ( ).x y x yx D x y D y =  =
 

Theorem4.1. Let A be a semi-

simple Jordan-Banach algebra over  

such that 
soc( )A

 is an essential ideal. 

Then every 2-local derivation : A A →  

is a continuous derivation. 

Proof. The proof proceeds in four 

steps. 

• Step 1: Additivity. For arbitrary 

,x y A
, by the definition of 2-

local derivation, there exist 

derivations 1 2, Der( )D D A
 

such that: 

1 1( ) ( ), ( ) ( ),D x x D x y x y=  + =  +
 

2 2( ) ( ), ( ) ( ).D y y D x y x y=  + =  +
 

Now 1 2D D−
 is a derivation. We 

have: 

1 2 1 2 2 1 2 1( )( ) 0, ( )( ) ( ) ( ), ( )( ) ( ) ( ).D D x y D D x x D x D D y D y y− + = − =  − − = − 
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By the derivation property applied 

to 
( )x x y +

, using the fact that 

1 2( )( ) 0D D x y− + =
, we obtain: 

1 2( )( ) ( ) 0.D D x x y−  + =
 

Since this holds for all 
y A

 and 

the algebra is semi-simple with essential 

socle, the annihilator of 
x y+

 is trivial. 

Repeating the argument with 
( )y x y +

 

yields 1 2( )( ) ( ) 0D D y x y−  + =
. Hence 

1 2 1 2( )( ) ( )( ) 0D D x D D y− = − =
, so 

( ) ( ) ( )x y x y + =  + 
. 

• Step 2: Homogeneity. For   

and x A , choose a derivation D  such 

that 
( ) ( )D x x= 

 and 
( ) ( )D x x = 

. 

Since D  is linear, 

( ) ( ) ( ) ( )x D x D x x    = = = 
. 

Thus   is linear. 

• Step 3: Leibniz rule. For arbitrary 

,x y A
, choose a derivation D  such 

that 
( ) ( )D x x= 

, 
( ) ( )D y y= 

, and 

( ) ( )D x y x y =  
. Since D  is a 

derivation: 
( ) ( ) ( ) ( ) ( ) ( ).x y D x y D x y x D y x y x y  =  =  +  =   +   

• Step 4: Continuity. By the 

Johnson-Sinclair theorem [11] extended 

to Jordan-Banach algebras [5][6], every 

derivation on a semi-simple Jordan-

Banach algebra is automatically 

continuous. Hence   is continuous.  

Remark 4.2: Theorem 4.1 

generalises the finite-dimensional 

results of Ayupov, Arzikulov, Umrzaqov, 

and Nuriddinov [7][8] to the infinite-

dimensional Banach setting. It also 

extends the associative Banach algebra 

results of [1] to the Jordan category. The 

essential socle condition is automatically 

satisfied for many important classes, 

including modular annihilator algebras 

and Jordan spin factors. 

Corollary 4.3 

Let A  be a semi-simple modular 

annihilator Jordan-Banach algebra. Then 

every 2-local derivation on A  is a 

continuous derivation. 

Proof. Modular annihilator algebras 

have essential socle by definition [1]. The 

result follows immediately from 

Theorem 4.1.  

5. Cohomology and Rigidity of 

Jordan-Banach Algebras 

5.1. Continuous Cohomology 

Let A  be a Jordan-Banach algebra 

and M  a Banach A -module. A 

continuous n -cochain is a continuous n

-linear mapping 
: nf A M→

. The 

coboundary operator 
1: ( , ) ( , )n n nC A M C A M +→

 is 

defined by: 

 
with appropriate module action terms. 

The cohomology groups 
1( , ) ker / imn n nH A M   −=

 are the 

continuous cohomology groups of A  

with coefficients in M . 

Theorem 5.1 (Central Extensions 

and 
2H ) 

Let A  be a Jordan-Banach algebra 

and M  a Banach A -module. The 

equivalence classes of continuous central 

extensions of A  by M  are in bijective 

correspondence with the second 

continuous cohomology group 
2( , )H A M

. 
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Proof. A central extension is an 

algebra E  fitting into an exact sequence: 

0 0M E A→ → ⎯⎯→ →  

such that M  is in the centre of E  

and 
2 0M = . Choosing a continuous 

linear section :s A E→ , the product on 

E  is determined by: 

( ) ( ) ( ) ( , ) .s x s y s x y x y M −  = 
 

The Jordan identity on E  forces   

to be a 2-cocycle, and changing the 

section alters   by a coboundary. Thus 

the equivalence classes of extensions 

correspond exactly to 
2( , )H A M

.  

6. Formal Rigidity and Second 

Cohomology 

6.1. Formal Deformations 

Let A  be a Jordan-Banach algebra 

with product 0( , )x y x y = 
. A formal 

deformation of A  is a [[ ]]t -bilinear 

product 
2

0 1 2t t t   = + + +
 on 

A[[t]] satisfying the Jordan identity. The 

deformation is trivial if there exists a 

formal isomorphism 
2

1 2idt t t  = + + +
 such that 

0( ( , )) ( ( ), ( ))t t t tx y x y  =  
. 

Theorem 6.1 (Rigidity Criterion) 

Let A  be a Jordan-Banach algebra. 

If 
2( , ) 0H A A =

, then every formal 

deformation of A  is trivial. In particular, 

A  is formally rigid. 

Proof. Suppose 
0

1

n

t n

n

t  


= +
 

is a formal deformation. The Jordan 

identity for t  gives, at order t :
2

1 0,  =
 so 1  is a 2-cocycle. Since 

2( , ) 0H A A =
 there exists a 1-cochain 

1  such that 
1

1 1  =
. Define 

1idt t = +
. Then 

1 2

0 2( ( ( ), ( ))) ( , ) ( , )t t t tx y x y t x y  −

   = + + 

, removing the t -order term. 

Iterating this procedure (the standard 

cohomological obstruction argument of 

Gerstenhaber [9]) removes all higher-

order terms, yielding a trivial 

deformation. Thus A  is formally rigid.  

Theorem 6.2 (Rigidity of Semi-

simple Jordan-Banach Algebras) 

Let A  be a semi-simple Jordan-

Banach algebra with 
2( , ) 0H A A =

. 

Then every continuous central extension 

of A  splits, and A  is formally rigid. 

Proof. By Theorem 5.1, central 

extensions are classified by 
2( , )H A A

. If 
2 0H = , every extension splits. Formal 

rigidity follows from Theorem 6.1. 

Remark 6.3: The converse of 

Theorem 6.1—whether rigidity implies 
2 0H = —is more subtle for Jordan 

algebras. While for Lie algebras and 

associative algebras the converse is 

known to fail in general [9], the existence 

of a Jordan algebra that is rigid despite 

having non-zero 
2H  remains open [2]. 

We do not pursue this question here. 

7. Applications 

Example 7.1 (Jordan Spin 

Factors) 

Let 
nA =   be the Jordan spin 

factor with product: 

( , ) ( , ) ( , , )x y x y y x     = +   +
 

and norm 2( , ) | |x x = +‖ ‖ ‖ ‖
. 

For 3n  , A  is semi-simple and every 

file:///D:/Work/Innovative%20Academy/Innovative%20Academy%20journals/EJAR/Main%20documents%20-%20Asosiy%20fayllar/www.in-academy.uz


EURASIAN JOURNAL OF MATHEMATICAL 

THEORY AND COMPUTER SCIENCES  
Innovative Academy Research Support Center 

IF = 9.206 www.in-academy.uz/index.php/ejmtcs 

Volume 6 Issue 08, August 2026                        10 ISSN 2181-2861 

derivation is inner, induced by skew-

symmetric matrices acting on the vector 

part [2]. By Theorem 4.1, every 2-local 

derivation on A  is automatically a 

continuous derivation. Moreover, 
1( , ) 0H A A =

. 

Example 7.2 (Modular 

Annihilator Jordan-Banach Algebras) 

Let A  be a semi-simple modular 

annihilator Jordan-Banach algebra. Since 

soc( )A
 is an essential ideal, Corollary 

4.3 applies: every 2-local derivation on 

A  is a continuous derivation. 

8. Conclusion. We have 

established two main structural results 

for Jordan-Banach algebras. First, every 

2-local derivation on a semi-simple 

Jordan-Banach algebra with essential 

socle is a continuous global derivation 

(Theorem 4.1), extending classical 

results of Šemrl, Ayupov, and 

collaborators to the infinite-dimensional 

non-associative setting. Second, the 

vanishing of the second continuous 

cohomology group 
2( , )H A A

 provides 

an obstruction-free criterion for both 

triviality of central extensions and formal 

rigidity (Theorems 5.1, 6.1, 6.2). These 

results contribute to the growing body of 

knowledge on derivations and 

deformations of non-associative Banach 

structures and offer new tools for 

applications in algebraic quantum 

mechanics.
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