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Let 𝐹 be a field of characteristic zero and 𝐿 be a finite-dimensional vector space over 𝐹. 

Let [−.−]: 𝐿 × 𝐿 → 𝐿 be an anti-commutative product on 𝐿 and 𝜔: 𝐿 × 𝐿 → 𝑘 be a skew-

symmetric bilinear form on 𝐿. The triple (𝐿, [−.−], 𝜔) is called an 𝜔-Lie algebra if the 

following condition is satisfied:  

[[𝑒1, 𝑒2], 𝑒3] + [[𝑒2, 𝑒3], 𝑒1] + [[𝑒3, 𝑒1], 𝑒2] = 

                           𝜔(𝑒1, 𝑒2)𝑒3 + 𝜔(𝑒2, 𝑒3)𝑒1 + 𝜔(𝑒3, 𝑒1)𝑒2 (1) 

 for all 𝑒1, 𝑒2, 𝑒3 ∈ 𝐿. The equation (1) is called the 𝜔-Jacobi identity. Apparently, the 𝜔 is 

also skew-symmetric; an 𝜔-Lie algebra is a Lie algebra if and only if the bilinear form 𝜔 ≡ 0. 

So we usually call the Lie algebras trivial 𝜔-Lie algebras. 

The concept of 𝜔-Lie algebras, connected to the investigation of isoparametric 

hypersurfaces in Riemannian geometry ([1, 4]), was presented in the recent work of 

Nurowski [3]. From the definition, it is apparent that all 𝜔-Lie algebras are trivial in 

dimensions 1 and 2. The initial instance of a non-trivial 3-dimensional 𝜔-Lie algebra was 

provided in [3]. In that article, Nurowski ultimately finalized the classification of 3-

dimensional 𝜔-Lie algebras over the field of real numbers. 

A fundamental advancement in the theory of 𝜔-Lie algebras was made by Zusmanovich 

[5], who introduced numerous basic concepts, such as modules, (quasi-) ideals, and 

(generalized) derivations; he also discovered several fundamental properties of these 

algebras. One of Zusmanovich's findings claims that finite-dimensional non-trivial 𝜔-Lie 

algebras are either low-dimensional or possess an abelian subalgebra of small codimension 

that satisfies certain restrictive conditions. Specifically, the following practical result is 

demonstrated. 

Lemma 1 If 𝐿 is a finite-dimensional 𝜔-Lie algebra with non-degenerate 𝜔, then dim 𝐿 =

2.  
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 Proof.  Given that 𝜔 is nondegenerate, the dimension of L is equal to the rank of 𝜔 and is 

therefore an even number. We will first address the scenario where the dimension of 𝐿 is 

greater than or equal to six. To handle this case, we will employ coordinate notation. While 

this approach may be somewhat less elegant, it will facilitate and simplify the ensuing 

computations.. 

The Lie algebra 𝐿 can be decomposed into the direct sum of two maximal isotropic 

subspaces, 𝐴 and 𝐵, each possessing a dimension of 𝑛 =
dim𝐿

2
≥ 3. It is possible to select a 

basis {𝑎1, … , 𝑎𝑛}  for A and a basis {𝑏1, … , 𝑏𝑛} for 𝐵 such that the bilinear form satisfies 

𝜔(𝑒𝑖, 𝑒𝑗) = 1 and 𝜔(𝑒𝑖, 𝑒𝑗) = 0 if 𝑖 ≠ 𝑗. Subsequently, according to the established lemmata, 

each of these isotropic subspaces is either an abelian or an almost abelian Lie subalgebra. 

Furthermore, as a consequence of the reasoning presented in the lemma's proof, the 

multiplicative operations within them can be expressed as follows: [𝑎𝑖, 𝑎𝑗] = 𝛼𝑗𝑎𝑖 − 𝛼𝑖𝑎𝑗  and 

[𝑏𝑖, 𝑏𝑗] = 𝛽𝑗𝑏𝑖 − 𝛽𝑖𝑏𝑗  for some 𝛼𝑖, 𝛽𝑖 ∈ 𝐾. Again, [𝑎𝑖, 𝑏𝑗] = 𝜆𝑖𝑗𝑎𝑖 + 𝜇𝑖𝑗𝑏𝑗  if 𝑖 ≠ 𝑗, for some 

𝜆𝑖𝑗, 𝜇𝑖𝑗 ∈ 𝐾. 

Writing for elements 𝑏𝑖 , 𝑏𝑗 , 𝑏𝑘, 𝑎𝑖, where 𝑖, 𝑗, 𝑘 are pairwise distinct, and collecting 

coefficients of 𝑏𝑗 , we get equation 𝜔([𝑎𝑖, 𝑏𝑖], 𝑏𝑘) = 𝜆𝑖𝑘 for any 𝑖 ≠ 𝑘. writing for elements 

𝑎𝑖, 𝑎𝑗 , 𝑏𝑖, 𝑏𝑘, where 𝑖, 𝑗, 𝑘 are pairwise distinct, and collecting coefficients of 𝑎𝑗 , we get  

 𝜔([𝑎𝑖, 𝑏𝑖], 𝑏𝑘) = 𝜆𝑖𝑘 − 𝜆𝑗𝑘 + 𝛽𝑘. 

A comparison of these two equivalent expressions reveals that 𝜆𝑗𝑘 = 𝛽𝑘 for all 𝑗 ≠ 𝑘. 

Through an entirely analogous line of reasoning, we also obtain. 

𝜔([𝑎𝑖, 𝑏𝑖], 𝑎𝑘) = −𝜇𝑘𝑖 = 𝛼𝑘                              (2) 

 for any 𝑖 ≠ 𝑘. 

(2) give all coefficients in the decomposition of [𝑎𝑖, 𝑏𝑖] by elements of the symplectic 

basis {𝑎1, … , 𝑎𝑛, 𝑏1, … , 𝑏𝑛}, except those of 𝑎𝑖, 𝑏𝑖, so for any 1 ≤ 𝑖 ≤ 𝑛 we may write  

 [𝑎𝑖 , 𝑏𝑖] = ∑1≤𝑘≤𝑛
𝑘≠𝑖

(𝛽𝑘𝑎𝑘 − 𝛼𝑘𝑏𝑘) + 𝜆𝑖𝑎𝑖 + 𝜇𝑖𝑏𝑖 

for some 𝜆𝑖, 𝜇𝑖 ∈ 𝐾. 

By expressing the product for elements 𝑎𝑖, 𝑎𝑗 , 𝑏𝑖, 𝑏𝑗 , where 𝑖 ≠ 𝑗, incorporating all 

previously established multiplication formulas between elements of 𝐴 and 𝐵, and then 

grouping the coefficients for 𝑎𝑖 and 𝑎𝑗 , we arrive at the respective equations: 𝜆𝑖 = 2𝛽𝑖 and 

𝜆𝑗 = −2𝛽𝑗 . It follows that 𝜆𝑖 = 𝛽𝑖 = 0 for any 1 ≤ 𝑖 ≤ 𝑛. In a similar manner, by grouping the 

coefficients of 𝑏𝑖 and 𝑏𝑗 , we get 𝜇𝑖 = 𝛼𝑖 = 0. 

Consequently, the algebra L is abelian. However, in this case, the ω-Jacobi identity 

dictates that for any three linearly independent elements, the value of ω on the product of any 

two must be zero. This ultimately implies that ω itself is the zero form, which contradicts the 

initial assumption of its nondegeneracy. 

The scenario where 𝑑𝑖𝑚 𝐿 =  4 necessitates somewhat more involved computations. It 

is important to note that we can assume the base field to be algebraically closed, as the 

nondegeneracy of ω is clearly preserved under any field extension. 

Lemma 1 mentioned above means that the bilinear form 𝜔 on any 𝜔-Lie algebra 𝐿 must 

be degenerate if dim𝐿 ≥ 3.  Our terminology concerning bilinear forms is standard. Let 𝜔 be a 

skew-symmetric bilinear form on a linear space 𝐿. A subspace 𝑊 ⊆ 𝐿 is called isotropic if 
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𝜔(𝑊,𝑊) = 0. Let 𝑊⊥ = {𝑒1 ∈ 𝐿|𝜔(𝑒1,𝑊) = 0} denote the orthogonal complement to a 

subspace 𝑊. Let 𝐾𝑒𝑟 𝜔 = 𝐿⊥ denote the kernel of 𝜔. 

In what follows, ℝ and ℂ are the fields of real and complex numbers respectively, and 𝐿 

denotes an 𝜔-Lie algebra with a basis {𝑒1, 𝑒2, 𝑒3}. We write ∧2 𝐿 for the exterior power of 𝐿 

with the basis {𝑒1 ∧ 𝑒2, 𝑒1 ∧ 𝑒3, 𝑒2 ∧ 𝑒3} and 𝜑 = [−,−]:∧2 𝐿 → 𝐿 is the bracket product. We use 

𝐿′ = [𝐿, 𝐿] to denote the commutator subalgebra of 𝐿. We call the dimension of 𝐿′ the rank of 

𝜑. 

From this Jacobi identity (1), we obtain the following conclusion. 

Theorem 1  Let L be n dimension 𝜔-Lie algebra and dimension 𝑑𝑖𝑚𝐿′ = 𝑑𝑖𝑚[𝐿, 𝐿] ≤ 𝑛 −

2 , then all of the 𝑒𝑖, 𝑒𝑗 ∈ 𝐿, 𝜔(𝑒𝑖, 𝑒𝑗) = 0.  

 Proof. We choose {𝑒𝑖, 𝑒𝑗 , 𝑒𝑘} as a linear independent basis of 𝐿, and {𝑒1, 𝑒2, . . . , 𝑒𝑛−2} ∈ 𝐿′ 

so we can write [𝑒𝑖, 𝑒𝑗] = 𝑎(𝑖𝑗)1𝑒1 + 𝑎(𝑖𝑗)2𝑒2 + 𝑎(𝑖𝑗)3𝑒3+. . . 𝑎(𝑖𝑗)(𝑛−3)𝑒𝑛−3 + 𝑎(𝑖𝑗)(𝑛−2)𝑒𝑛−2,

𝑖, 𝑗, 𝑘  ∈ 𝑁 and calculate Jacoby identity (1) 

𝜔(𝑒𝑖, 𝑒𝑗)𝑒𝑘 + 𝜔(𝑒𝑗 , 𝑒𝑘)𝑒𝑖 + 𝜔(𝑒𝑘, 𝑒𝑖)𝑒𝑗 = [[𝑒𝑖, 𝑒𝑗], 𝑒𝑘] + [[𝑒𝑗, 𝑒𝑘], 𝑒𝑖] + [[𝑒𝑘, 𝑒𝑖], 𝑒𝑗] =

= [𝑎(𝑖𝑗)1𝑒1 + 𝑎(𝑖𝑗)2𝑒2 + 𝑎(𝑖𝑗)3𝑒3 +⋯𝑎(𝑖𝑗)(𝑛−3)𝑒𝑛−3 + 𝑎(𝑖𝑗)(𝑛−2)𝑒𝑛−2, 𝑒𝑘]

+ [𝑎(𝑗𝑘)1𝑒1 + 𝑎(𝑗𝑘)2𝑒2 + 𝑎(𝑗𝑘)3𝑒3 +⋯𝑎(𝑗𝑘)(𝑛−3)𝑒𝑛−3 + 𝑎(𝑗𝑘)(𝑛−2)𝑒𝑛−2, 𝑒𝑖]

+ +[𝑎(𝑘𝑖)1𝑒1 + 𝑎(𝑘𝑖)2𝑒2 + 𝑎(𝑘𝑖)3𝑒3 +⋯𝑎(𝑘𝑖)(𝑛−3)𝑒𝑛−3 + 𝑎(𝑘𝑖)(𝑛−2)𝑒𝑛−2, 𝑒𝑘] =

= 𝑎(𝑖𝑗)1(𝑎(1𝑘)1𝑒1 + 𝑎(1𝑘)2𝑒2 + 𝑎(1𝑘)3𝑒3+. . . 𝑎(1𝑘)(𝑛−3)𝑒𝑛−3 + 𝑎(1𝑘)(𝑛−2)𝑒𝑛−2)

+ +𝑎(𝑖𝑗)2(𝑎(2𝑘)1𝑒1 + 𝑎(2𝑘)2𝑒2 + 𝑎(2𝑘)3𝑒3+. . . 𝑎(2𝑘)(𝑛−3)𝑒𝑛−3

+ 𝑎(2𝑘)(𝑛−2)𝑒𝑛−2)+. . . + + 𝑎(𝑖𝑗)(𝑛−2)(𝑎((𝑛−2)𝑘)1𝑒1 + 𝑎((𝑛−2)𝑘)2𝑒2

+ 𝑎((𝑛−2)𝑘)3𝑒3+. . . 𝑎((𝑛−2)𝑘)(𝑛−3)𝑒𝑛−3 + 𝑎((𝑛−2)𝑘)(𝑛−2)𝑒𝑛−2) + 𝑎(𝑘𝑖)1(𝑎(1𝑗)1𝑒1

+ 𝑎(1𝑗)2𝑒2 + 𝑎(1𝑗)3𝑒3+. . . 𝑎(1𝑗)(𝑛−3)𝑒𝑛−3 + 𝑎(1𝑗)(𝑛−2)𝑒𝑛−2) + +𝑎(𝑘𝑖)2(𝑎(2𝑗)1𝑒1

+ 𝑎(2𝑗)2𝑒2 + 𝑎(2𝑗)3𝑒3+. . . 𝑎(2𝑗)(𝑛−3)𝑒𝑛−3 + 𝑎(2𝑗)(𝑛−2)𝑒𝑛−2)+. . . +

+ 𝑎(𝑘𝑖)(𝑛−2)(𝑎((𝑛−2)𝑗)1𝑒1 + 𝑎((𝑛−2)𝑗)2𝑒2 

+𝑎((𝑛−2)𝑗)3𝑒3+. . . 𝑎((𝑛−2)𝑗)(𝑛−3)𝑒𝑛−3 + 𝑎((𝑛−2)𝑗)(𝑛−2)𝑒𝑛−2) + 𝑎(𝑘𝑖)1(𝑎(1𝑖)1𝑒1 + 𝑎(1𝑖)2𝑒2

+ 𝑎(1𝑖)3𝑒3+. . . 𝑎(1𝑖)(𝑛−3)𝑒𝑛−3 + 𝑎(1𝑖)(𝑛−2)𝑒𝑛−2) + +𝑎(𝑘𝑖)2(𝑎(2𝑖)1𝑒1 + 𝑎(2𝑖)2𝑒2

+ 𝑎(2𝑖)3𝑒3+. . . 𝑎(2𝑖)(𝑛−3)𝑒𝑛−3 + 𝑎(2𝑖)(𝑛−2)𝑒𝑛−2)+. . . + + 𝑎(𝑘𝑖)(𝑛−2)(𝑎((𝑛−2)𝑖)1𝑒1

+ 𝑎((𝑛−2)𝑖)2𝑒2 + 𝑎((𝑛−2)𝑖)3𝑒3+. . . 𝑎((𝑛−2)𝑖)(𝑛−3)𝑒𝑛−3 + 𝑎((𝑛−2)𝑖)(𝑛−2)𝑒𝑛−2) =

= (𝑎(𝑖𝑗)1𝑎(1𝑘)1 + 𝑎(𝑖𝑗)2𝑎(2𝑘)1+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)1 + 𝑎(𝑘𝑖)1𝑎(1𝑗)1

+ 𝑎(𝑘𝑖)2𝑎(2𝑗)1+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)1 + 𝑎(𝑗𝑘)1𝑎(1𝑖)1

+ 𝑎(𝑗𝑘)2𝑎(2𝑖)1+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)1)𝑒1 ++(𝑎(𝑖𝑗)1𝑎(1𝑘)2

+ 𝑎(𝑖𝑗)2𝑎(2𝑘)2+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)2 + 𝑎(𝑘𝑖)1𝑎(1𝑗)2

+ 𝑎(𝑘𝑖)2𝑎(2𝑗)2+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)2 + 𝑎(𝑗𝑘)1𝑎(1𝑖)2

+ 𝑎(𝑗𝑘)2𝑎(2𝑖)2+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)2)𝑒2+. . . + + (𝑎(𝑖𝑗)1𝑎(1𝑘)(𝑛−2)

+ 𝑎(𝑖𝑗)2𝑎(2𝑘)(𝑛−2)+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)(𝑛−2) + 𝑎(𝑘𝑖)1𝑎(1𝑗)(𝑛−2)

+ 𝑎(𝑘𝑖)2𝑎(2𝑗)(𝑛−2)+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)(𝑛−2) + 𝑎(𝑗𝑘)1𝑎(1𝑖)(𝑛−2)

+ 𝑎(𝑗𝑘)2𝑎(2𝑖)(𝑛−2)+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)(𝑛−2))𝑒𝑛−2 

In this case, 𝑒1, 𝑒2, . . . , 𝑒𝑛−2 form a linearly independent basis, and from the results 

derived from the Jacobi identity, the following equality is obtained. 

From this Jacobi identity (1), we obtain the following conclusion.  

We define the coefficients as follows 
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 𝜔(𝑒𝑖, 𝑒𝑗) = 𝑎(𝑖𝑗)1𝑎(1𝑘)𝑘 + 𝑎(𝑖𝑗)2𝑎(2𝑘)𝑘+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)𝑘 + 𝑎(𝑘𝑖)1𝑎(1𝑗)𝑘 +

𝑎(𝑘𝑖)2𝑎(2𝑗)𝑘+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)𝑘 + 𝑎(𝑗𝑘)1𝑎(1𝑖)𝑘 + 𝑎(𝑗𝑘)2𝑎(2𝑖)𝑘+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)𝑘 

𝜔(𝑒𝑗, 𝑒𝑘) = 𝑎(𝑖𝑗)1𝑎(1𝑘)𝑖 + 𝑎(𝑖𝑗)2𝑎(2𝑘)𝑖+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)𝑖 + 𝑎(𝑘𝑖)1𝑎(1𝑗)𝑖 +

𝑎(𝑘𝑖)2𝑎(2𝑗)𝑖+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)𝑖 + 𝑎(𝑗𝑘)1𝑎(1𝑖)𝑖 + 𝑎(𝑗𝑘)2𝑎(2𝑖)𝑖+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)𝑖   

𝜔(𝑒𝑘, 𝑒𝑖) = 𝑎(𝑖𝑗)1𝑎(1𝑘)𝑗 + 𝑎(𝑖𝑗)2𝑎(2𝑘)𝑗+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)𝑗 + 𝑎(𝑘𝑖)1𝑎(1𝑗)𝑗 +

𝑎(𝑘𝑖)2𝑎(2𝑗)𝑗+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)𝑗 + 𝑎(𝑗𝑘)1𝑎(1𝑖)𝑗 + 𝑎(𝑗𝑘)2𝑎(2𝑖)𝑗+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)𝑗   

𝑎(𝑖𝑗)1𝑎(1𝑘)1 + 𝑎(𝑖𝑗)2𝑎(2𝑘)1+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)1 + 𝑎(𝑘𝑖)1𝑎(1𝑗)1 + 𝑎(𝑘𝑖)2𝑎(2𝑗)1+. . . + +

𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)1 + 𝑎(𝑗𝑘)1𝑎(1𝑖)1 + 𝑎(𝑗𝑘)2𝑎(2𝑖)1+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)1 = 0  

...........................................................................................................................................  

𝑎(𝑖𝑗)1𝑎(1𝑘)(𝑛−2) + 𝑎(𝑖𝑗)2𝑎(2𝑘)(𝑛−2)+. . . +𝑎(𝑖𝑗)(𝑛−2)𝑎((𝑛−2)𝑘)(𝑛−2) + 𝑎(𝑘𝑖)1𝑎(1𝑗)(𝑛−2)

+ 𝑎(𝑘𝑖)2𝑎(2𝑗)(𝑛−2)+. . . +𝑎(𝑘𝑖)(𝑛−2)𝑎((𝑛−2)𝑗)(𝑛−2) + 𝑎(𝑗𝑘)1𝑎(1𝑖)(𝑛−2)

+ 𝑎(𝑗𝑘)2𝑎(2𝑖)(𝑛−2)+. . . +𝑎(𝑗𝑘)(𝑛−2)𝑎((𝑛−2)𝑖)(𝑛−2) = 0 

 

In this case, the main concept to be demonstrated is that 𝜔(𝑒𝑖, 𝑒𝑗) = 0 for arbitrary 𝑒𝑖 

and 𝑒𝑗 , where 𝑒1, 𝑒2, . . . , 𝑒𝑛−2 ∈ 𝐿′ and 𝑒𝑛−1, 𝑒𝑛 ∉ 𝐿′. From this, it follows that when we consider 

the Jacobi identity involving 𝑒𝑖, 𝑒𝑗, and 𝑒𝑛, the result 𝜔(𝑒𝑖, 𝑒𝑗) = 0 is obtained, similar to the 

case when the full 𝑛-dimensional Jacobi identity is considered. However, the expressions 

𝜔(𝑒𝑛, 𝑒𝑗) and 𝜔(𝑒𝑖, 𝑒𝑛) may be nonzero. In the 𝑛-dimensional case, the total number of Jacobi 

identities to be considered is (
𝑛
3
). When we consider the Jacobi identity for the triple 

𝑒𝑖, 𝑒𝑛, 𝑒𝑛−1, it turns out that 𝜔(𝑒𝑖, 𝑒𝑛) = 0, and similarly, 𝜔(𝑒𝑛, 𝑒𝑗) = 0 is obtained. 

In this situation, 𝜔(𝑒𝑛, 𝑒𝑛−1) = 0 also holds, since the Jacobi identity for the triple 

𝑒𝑛, 𝑒𝑛−1, 𝑒𝑛 must also be satisfied. 

From this theorem, we derive the following important lemma.  

Lemma 2 When classifying any 𝑛-dimensional 𝜔-Lie algebras, it is sufficient to consider 

the cases when the rank of 𝜑 (i.e., the dimension of 𝐿′) is 𝑛 − 1 and 𝑛.  

 

Example 1. Let us consider a four-dimensional 𝜔-Lie algebra. In studying its 

classification, it suffices to consider the cases where the rank of the associated bilinear form is 

3 or 4, since in other cases it reduces to a trivial Lie algebra 

Theorem 3.1.1 Let 𝐿 be a nontrivial (i.e. non-Lie) 4-dimensional 𝜔-Lie algebra, then it 

must be isomorphic to one of the following algebras: 

 Table  1: Nontrivial Complex Four-dimensional 𝜔-Lie Algebras 

  type 

of Algebra  

 Commutation relations  

𝐴1  
 
[𝑒1, 𝑒3] = −𝑒1,    [𝑒2, 𝑒3] = −𝑒2,    [𝑒4, 𝑒1] = 𝑒1,    [𝑒4, 𝑒2] = 𝑒1 + 𝑒2,
 𝜔(𝑒4, 𝑒3) = −1   

𝐿𝑎,𝑏  
 
[𝑒3, 𝑒1] = 𝑒1, [𝑒3, 𝑒2] = 𝑒2, [𝑒4, 𝑒1] = 𝑏𝑒1,
= 𝑎𝑒1 + 𝑏𝑒2, [𝑒4, 𝑒3] = 𝑒3, 𝜔(𝑒4, 𝑒3) = 1.  

𝐿1   
[𝑒1, 𝑒2] = 𝑒1, [𝑒3, 𝑒2] = 𝑒3, [𝑒4, 𝑒2] = 𝑒1, [𝑒4, 𝑒3] = 𝑒2, 𝜔(𝑒4, 𝑒3) = −1  

𝐴2   [𝑒1, 𝑒3] = 𝑒2, [𝑒1, 𝑒4] = 𝑒3, [𝑒2, 𝑒3] = 𝑒1, 𝜔(𝑒4, 𝑒2) = 1.  
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𝐿𝑐   [𝑒1, 𝑒2] = 𝑒1, [𝑒1, 𝑒3] = 𝑒1 + 𝑒2, [𝑒2, 𝑒3] = −𝑐𝑒1 + 𝑒3, 

 [𝑒3, 𝑒4] = −𝑒4, 𝜔(𝑒4, 𝑒2) = 𝑐,𝑤ℎ𝑒𝑟𝑒𝑐 ∈ ℂ.  

𝐶𝑎,𝑏:  [𝑒1, 𝑒2] = 3𝑒1, [𝑒1, 𝑒4] = 𝑒3, [𝑒2, 𝑒3] = 𝑒1 − 2𝑒3, 

 [𝑒2, 𝑒4] = 𝑎𝑒1 + 𝑏𝑒3 + 𝑒4, [𝑒3, 𝑒4] = −0.5𝑒1 − 𝑒3;   𝜔(𝑒4, 𝑒2) = −1 

𝐷1: [𝑒1, 𝑒3] = 𝑒3, [𝑒1, 𝑒4] = 𝑒4, [𝑒2, 𝑒3] = 𝑒1 

 [𝑒2, 𝑒4] = 𝑒4, 𝜔(𝑒3, 𝑒2) = 1 

𝐸𝛼,𝛽:   [𝑒1, 𝑒2] = 𝑒2, [𝑒1, 𝑒3] = 𝛼𝑒3, [𝑒1, 𝑒4] = (1 − 𝛼)𝑒4, [𝑒2, 𝑒3] = 𝑒4, [𝑒2, 𝑒4] =

𝑒3, [𝑒3, 𝑒4] = 𝑒1 + 𝛽𝑒2; 

 𝜔(𝑒3, 𝑒4) = 1.𝑤ℎ𝑒𝑟𝑒𝛼, 𝛽 ∈ ℂ. 

𝐹𝛾:  [𝑒1, 𝑒2] = 2𝑒2, [𝑒1, 𝑒3] = 𝑒3, [𝑒1, 𝑒4] = 𝛾𝑒3 + 𝑒4, 

 [𝑒3, 𝑒4] = 𝑒1, 𝜔(𝑒3, 𝑒4) = 2, 𝑤ℎ𝑒𝑟𝑒𝛾 ∈ ℂ. 

 

Rank 3 In this scenario, we select 𝑒1, 𝑒2, 𝑒3 as the basis of 𝐿′ with 𝑒4 not in 𝐿′. Assuming 

[𝑒1, 𝑒2] = 𝑎𝑒1 + 𝑏𝑦 + 𝑐𝑒3, [𝑒3, 𝑒1] = 𝑚𝑒1 + 𝑛𝑒2 + 𝑘𝑒3, and [𝑒3, 𝑒2] = 𝑝𝑒1 + 𝑞𝑒2 + 𝑟𝑒3, at least 

one of [𝑒1, 𝑒2], [𝑒3, 𝑒2], or [𝑒3, 𝑒1] must be zero, as the kernel of 𝜑 is one-dimensional.  

 To establish the bijectiveness of the linear map ad 𝑒4: 𝐿′ → 𝐿′ defined by 𝑢 ↦ [𝑒4, 𝑢] we 

can leverage the properties of Lie algebras. This map is related to the adjoint representation, 

where ad 𝑒4 corresponds to the action of the element 𝑒1, 𝑒2, 𝑒3 on the Lie algebra [𝐿, 𝐿] through 

the Lie bracket. 

Therefore the linear map ad 𝑒4: 𝐿′ → 𝐿′ by 𝑢 ↦ [𝑒4, 𝑢] is bijective. By course of linear 

algebra, we able to choose the suitable basis elements 𝑒1, 𝑒2, 𝑒3 as that ad 𝑒4 is similar to  

 𝐴 = (

𝜆 1 0
0 𝜆 1
0 0 𝜆

) ,    𝐵 = (

𝛿 1 0
0 𝛿 0
0 0 𝜓

) ,    𝐶 = (

𝜇 0 0
0 𝜈 0
0 0 𝜏

) (3) 

 where 𝛿, 𝜇, 𝜈 and 𝜏 are all nonzero and are the eigenvalues of ad 𝑒4 . Thus our arguments 

consist of the following four cases. 

Case 1 In the first situation, ad 𝑒4 is similar to 𝐴, 

[𝑒1, 𝑒2] = 𝑎𝑒1 + 𝑏𝑒2 + 𝑐𝑒3  ,     [𝑒3, 𝑒1] = 𝑚𝑒1 + 𝑛𝑒2 + 𝑘𝑒3  ,     [𝑒3, 𝑒2] = 𝑝𝑒1 + 𝑞𝑒2 +

𝑟𝑒3  ,     

𝑎𝑑𝑒4(𝑒1) = [𝑒4, 𝑒1] = 𝜆𝑒1  ,     𝑎𝑑𝑒4(𝑒2) = [𝑒4, 𝑒2] = 𝑒1 + 𝜆𝑒2,     𝑎𝑑𝑒4(𝑒3) = [𝑒4, 𝑒3] = 𝑒2 +

𝜆𝑒3 

then one of the [𝑒1, 𝑒2], [𝑒3, 𝑒2], [𝑒3, 𝑒1] because the kernel of 𝜑 is one dimensional , we 

seperate in thus situation 3 subcase. 

subcase 1. assume that [𝑒1, 𝑒2] = 0 

[𝑒1, 𝑒2] = 0  , [𝑒3, 𝑒1] = 𝑚𝑒1 + 𝑛𝑒2 + 𝑘𝑒3  , [𝑒3, 𝑒2] = 𝑝𝑒1 + 𝑞𝑒2 + 𝑟𝑒3  , [𝑒4, 𝑒1] = 𝜆𝑒1  , 

[𝑒4, 𝑒2] = 𝑒1 + 𝜆𝑒2 [𝑒4, 𝑒3] = 𝑒2 + 𝜆𝑒3 

By 𝜔-Jacobi identity, we have 
𝑖)  𝜔(𝑒1, 𝑒2)𝑒3 +𝜔(𝑒2, 𝑒3)𝑒1 + 𝜔(𝑒3, 𝑒1)𝑒2 =
= 𝑘𝑝𝑒1 + 𝑘𝑞𝑒2 + 𝑘𝑟𝑒3 − 𝑟𝑚𝑒1 − 𝑟𝑛𝑒2 − 𝑟𝑘𝑒3 = (𝑘𝑝 − 𝑟𝑚)𝑒1 + (𝑘𝑞 − 𝑟𝑛)𝑒2

 

𝜔(𝑒1, 𝑒2) = 0, 𝜔(𝑒3, 𝑒1) = 𝑘𝑞 − 𝑟𝑛, 𝜔(𝑒2, 𝑒3) = 𝑘𝑝 − 𝑟𝑚. 

𝑖𝑖)  𝜔(𝑒1, 𝑒2)𝑒4 + 𝜔(𝑒2, 𝑒4)𝑒1 + 𝜔(𝑒4, 𝑒1)𝑒2 = 0 

𝜔(𝑒1, 𝑒2) = 0, 𝜔(𝑒2, 𝑒4) = 0, 𝜔(𝑒4, 𝑒1) = 0. 
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𝑖𝑖𝑖)  𝜔(𝑒1, 𝑒3)𝑒4 + 𝜔(𝑒3, 𝑒4)𝑒1 + 𝜔(𝑒4, 𝑒1)𝑒3 =
= 𝜆𝑚𝑒1 + 𝑛𝑒1 + 𝜆𝑛𝑒2 + 𝑘𝑒2 + 𝜆𝑘𝑒3 − 𝜆𝑚𝑒1 − 𝜆𝑛𝑒2 − 𝜆𝑘𝑒3 − 𝜆𝑚𝑒1 − 𝜆𝑛𝑒2 − 𝜆𝑘𝑒3 =
= (𝑛 − 𝜆𝑚)𝑒1 + (𝑘 − 𝜆𝑛)𝑒2 − 𝜆𝑘𝑒3

 

𝜔(𝑒1, 𝑒3) = 0, 𝜔(𝑒3, 𝑒4) = 𝑛 − 𝜆𝑚, 𝜔(𝑒4, 𝑒1) = 𝑘 − 𝜆𝑛  𝑎𝑛𝑑  𝜆𝑘 = 0. 

𝑖𝑣)  𝜔(𝑒2, 𝑒3)𝑒4 + 𝜔(𝑒3, 𝑒4)𝑒2 + 𝜔(𝑒4, 𝑒2)𝑒3 =
= 𝜆𝑝𝑒1 + 𝑞𝑒1 + 𝜆𝑞𝑒2 + 𝑟𝑒2 + 𝜆𝑟𝑒3 − 𝜆𝑝𝑒1 − 𝜆𝑞𝑒2 − 𝜆𝑟𝑒3 −𝑚𝑒1 − 𝑛𝑒2 − −𝜆𝑟𝑒3 −
𝑘𝑒3 − 𝜆𝑝𝑒1 − 𝜆𝑞𝑒2 = (𝑞 − 𝜆𝑝 −𝑚)𝑒1 + (𝑟 − 𝜆𝑞 − 𝑛)𝑒2 − (𝜆𝑟 + 𝑘)𝑒3

 

𝜔(𝑒3, 𝑒2) = 0, 𝜔(𝑒3, 𝑒4) = 𝑟 − 𝜆𝑞 − 𝑛, 𝜔(𝑒4, 𝑒2) = −𝜆𝑟 − 𝑘  𝑎𝑛𝑑  𝑞 − 𝜆𝑝 − 𝑚 = 0. 

so, find between coefficient 

𝑘𝑝 −𝑚𝑟 = 0   𝑞 = 𝜆𝑝 +𝑚   𝑛 − 𝜆𝑚 = 𝜔(𝑒3, 𝑒4) =

𝑟 − 𝜆𝑞 − 𝑛  

𝑘𝑞 − 𝑛𝑟 = 0   𝑘 = 𝜆 n   𝜆𝑘 = 0  

𝜆𝑟 + 𝑘 = 𝜔(𝑒2, 𝑒4) = 0  

 

𝑟 = 0, 𝑘 = 0, 𝑚 = 𝑞, 𝑝 = 0, 𝑛 = 0 

Since 𝑚, 𝜆 ≠ 0 because if 𝑚, 𝜆 = 0, than we face Lie algebra. 

If we take a new basis we obtain the following: 

𝑥 = 𝑒1, 𝑦 = 𝑒2, 𝑧 =
𝑒3
𝑚
, 𝑎𝑛𝑑  𝑡 =

𝑒4 +
𝑒2
𝑚

𝜆
 

Rank 3 

Case 1.  If ad 𝑒4 is similar to 𝐴, then then after computing the 𝜔-Jacobi identity, we obtain 

the following nontrivial 𝜔 Lie algebra. 

 𝐴1: [𝑒1, 𝑒2] = 0, [𝑒1, 𝑒3] = −𝑒1, [𝑒2, 𝑒3] = −𝑒2, [𝑒4, 𝑒1] = 𝑒1, 

 [𝑒4, 𝑒2] = 𝑒1 + 𝑒2, [𝑒4, 𝑒3] = 𝑒3, 𝜔(𝑒4, 𝑒3) = −1,𝑤ℎ𝑒𝑟𝑒𝛼 ∈ ℂ. 

Case 2.  If ad 𝑒4 is similar to 𝐵, then then after computing the 𝜔-Jacobi identity, we obtain 

the following nontrivial 𝜔 Lie algebra. 

 𝐿𝑎𝑏: [𝑒1, 𝑒3] = −𝑒1, [𝑒2, 𝑒3] = −𝑒2, [𝑒4, 𝑒1] = 𝑏𝑒1, [𝑒4, 𝑒2] = 𝑒1 + 𝑏𝑒2, 

 [𝑒4, 𝑒3] = 𝑎𝑒3, 𝜔(𝑒4, 𝑒3) = 𝑎,𝑤ℎ𝑒𝑟𝑒𝑎, 𝑏 ∈ ℂ. 

Rank 4 Next we consider the nontrivial case. Since the dimension of 𝐿′ is 4, the rank of 

adjoint map ad 𝑥: 𝐿 → 𝐿 must be 3 for any nonzero 𝑥 ∈ 𝐿. Thus the kernel of ad 𝑥 is equal to 

𝐶𝑥. 

By Lemma if 𝜔 is non-degenerate, then 𝐿 must have dimension 2. So the bilinear form 𝜔 

we consider here is degenerate. This means that there exists an nonzero element 𝑥 ∈ 𝐿 such 

that 𝜔(𝑥, 𝑣) = 0 for all 𝑣 ∈ 𝐿. Now we fix 𝑥. By the Jordan canonical form, we can choose a 

suitable basis {𝑢, 𝑦, 𝑧} of 𝐿 such that ad 𝑥 is similar to  

𝐴 =

(

 
 

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

)

 
 
,    𝐵 =

(

 
 

0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 𝜇

)

 
 
,    𝐶 =

(

 
 

0 1 0 0
0 0 0 0
0 0 𝜈 1
0 0 0 𝜈

)

 
 
, 𝑜𝑟 

 

https://sjifactor.com/passport.php?id=23542


  

Page 150 
 

CENTRAL ASIAN JOURNAL OF ACADEMIC 

RESEARCH                 SJIF = 5.441 

Volume 3, Issue 8,August 2025 

www.in-academy.uz 
 

 𝐷 =

(

 
 

0 1 0 0
0 0 0 0
0 0 𝜏 0
0 0 0 𝜂

)

 
 
, 𝐸 =

(

 
 

0 0 0 0
0 𝜌 0 0
0 0 𝜃 0
0 0 0 𝜉

)

 
 
, 

 

 𝐹 =

(

 
 

0 0 0 0
0 𝜓 0 0
0 0 𝜀 1
0 0 0 𝜀

)

 
 
, 𝐺 =

(

 
 

0 0 0 0
0 Ω 1 0
0 0 Ω 1
0 0 0 Ω

)

 
 
, 

where 𝛿, 𝜇, 𝜈 and 𝜏 are all nonzero and are the eigenvalues of ad 𝑥. Thus our arguments 

consist of the following four cases. 

Rank 4 If ad 𝑒1 is similar to 𝐴 : 

 𝐴2: [𝑒1, 𝑒3] = 𝑒2, [𝑒4, 𝑒1] = −𝑒3, [𝑒4, 𝑒2] = 𝑒1 

 𝜔(𝑒4, 𝑒2) = 1. 

If ad 𝑒1 is similar to 𝐵 : 

 𝐿𝑐: [𝑒1, 𝑒2] = 𝑒1, [𝑒1, 𝑒3] = 𝑒1 + 𝑒2, [𝑒2, 𝑒3] = −𝑐𝑒1 + 𝑒3, 

 [𝑒3, 𝑒4] = −𝑒4, 𝜔(𝑒4, 𝑒2) = 𝑐,𝑤ℎ𝑒𝑟𝑒𝑐 ∈ ℂ. 

If ad 𝑒1 is similar to 𝐶 : 

 𝐶𝑎,𝑏: [𝑒1, 𝑒2] = 3𝑒1, [𝑒1, 𝑒4] = 𝑒3, [𝑒2, 𝑒3] = 𝑒1 − 2𝑒3, 

 [𝑒2, 𝑒4] = 𝑎𝑒1 + 𝑏𝑒3 + 𝑒4, [𝑒3, 𝑒4] = −0.5𝑒1 − 𝑒3;   𝜔(𝑒4, 𝑒2) = −1 

If ad 𝑒1 is similar to 𝐷 : 

 𝐷1: [𝑒1, 𝑒3] = 𝑒3, [𝑒1, 𝑒4] = 𝑒4, [𝑒2, 𝑒3] = 𝑒1 

 [𝑒2, 𝑒4] = 𝑒4, 𝜔(𝑒3, 𝑒2) = 1 

If ad 𝑒1 is similar to 𝐸 : 

 𝐸𝛼,𝛽: [𝑒1, 𝑒2] = 𝑒2, [𝑒1, 𝑒3] = 𝛼𝑒3, [𝑒1, 𝑒4] = (1 − 𝛼)𝑒4, [𝑒2, 𝑒3] = 𝑒4, [𝑒2, 𝑒4] =

𝑒3, [𝑒3, 𝑒4] = 𝑒1 + 𝛽𝑒2; 

 𝜔(𝑒3, 𝑒4) = 1.𝑤ℎ𝑒𝑟𝑒𝛼, 𝛽 ∈ ℂ. 

If ad 𝑒1 is similar to 𝐹 :  

 𝐹𝛾: [𝑒1, 𝑒2] = 2𝑒2, [𝑒1, 𝑒3] = 𝑒3, [𝑒1, 𝑒4] = 𝛾𝑒3 + 𝑒4, 

 [𝑒3, 𝑒4] = 𝑒1, 𝜔(𝑒3, 𝑒4) = 2,𝑤ℎ𝑒𝑟𝑒𝛾 ∈ ℂ. 
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